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BENDING OF A SIMPLY SUPPORTED CIRCULAR
CYLINDRICAL SHELL SUBJECTED TO UNIFORM LINE

LOAD ALONG A GENERATOR

A. K. NAGHDI

Purdue University, Indianapolis, Indiana 46205

Abstract-The complex differential equation of cylindrical shells, given by Novozhilov [I]. is used to obtain the
state of stress for a simply supported closed thin circular cylindrical shell acted upon by a uniform inward radial
line load along a generator. The problem is solved by obtaining a closed form particular integral of the differential
equation, and satisfying the edge conditions with the aid of complementary solutions in the form of a single
Fourier series which converges very rapidly for the region near the middle of the shell. For comparatively long
shells an approximate expression, in closed form, is derived for the region far away from the edges. A mathematical
proof of the convergence of the series is given, aftd numerical results for several ratios of length to radius are
presented.

1. INTRODUCTION

DURING the past twenty years, several authors have investigated the problem of bending
of a circular cylindrical shell, with finite length, under the action ofa discontinuous surface
load. Odqvist [2], Hoff et at. [3] and Cooper [4] have analysed the problem of a simply
supported circular cylindrical shell subjected to a radial line load along a generator. They
employed the same method of approach, but different theories of cylindrical shells, to
obtain an approximate solution in the form of a single Fourier series for any type of local
loadings ofthe shell. Meanwhile Bijlaard [5] investigated a similar problem by representing
the solution in the form ofdouble Fourier series. Subsequently Meck [6] solved the problem
of bending of a circular cylindrical shell under a varying circumferential line load by
reducing the standard eight order differential equation to two fourth-order equations.
Nash and Bridgland [7] also have investigated the problem of local loading of a circular
cylindrical shell by employing finite Fourier transform technique. However, in all the above
works the primary difficulty is slow convergence of the series, especially near the points
where the stresses are critical. This is obviously due to the fact that the function representing
the discontinuous load, is expanded into infinite series.

However, in the present investigation, a closed form particular integral for the dis­
continuous load is found, and hence the series representing the homogeneous solution
converges rapidly. It should also be mentioned here that the governing equations used by
the previous authors are either unsuitable, or too complicated for the present problem
compared to the method employed in this investigation. For example, Donnell's equation
used in [3] is unsuitable for closed cylindrical shells, and Fliigge's equation used in [5-7]
leads to cumbersome and lengthy expressions if the present technique is employed.
Novozhilov's theory of thin cylindrical shells, on the other hand, incorporates various
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theories of cylindrical shells into one complex equation, which can be used for closed or
open shells of any length [IJ, and yet it is not too complicated for the method of solution
employed in the present work.

2. FORMULATION

The complex differential equation of cylindrical shells, given by Novozhilov [IJ, is
in the form

(1)

where f is the complex potential, R is the radius of the middle surface, and p is the radial
external load per unit area of the middle slVface taken positive outward. Other quantities
and symbols in equation (1) are defined by:

e=~
R'

i = J( -1).
(2)

Here t is the thickness of the shell, v is Poisson's ratio, and x and yare respectively the
actual distances on the middle surface measured along axial and circumferential directions.

The resultant forces ~, T9, ~9' T9~' resultant moments M~, M 9, M~9' M9~ and transverse
shears N~, N 9 are obtained from the following relations [1J

where

f = T<_i2b2(M9-VM~)
1 , R(I-v2 ) '

f = y; _ i2b2(M~- vM9)
2 9 R(I-v2 )'

2b2H
S = S+i ,

R(I- v)

N< = ~(aM~ aM9~)
, R a~ + ae '

N = ~(aM~9 aM9)
9 R a~ + ae '

(3)

(4)



_ ,yo; i _
T1 = l---!1T-Rp

2bZ '
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and T'l' T'2' and S are related to the complex potential as follows [1]

as i (a!1 T' a1') apIa~ = - 2bz -00+ 00 - R 00'

as aT i a!11' op
00 = - J[+2b2 o~ +R o~'
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(5)

(6)

The positive directions of the above resultant forces and moments are the same as those
given in [1].

The displacements u, v, and w of the middle surface respectively along the ~, 0, and z
directions, where z is the axis normal to the middle surface taken positive outward, are
related to the resultant forces and moments as follows [1]

Et3 a2w
M~-vMe = -12Rz oe'

Et
J (02W av)

Me-vM~ = -12R2 002- 00 '

Et au
~-vTe = R a~'

To-v~ = ~(~~+w),

Et (av au)
s = 2R(1 + v) a~ +00 '

Et
3

( oZw av)
H = 12R2(l + v) - iJ~ao+ iJ~ .

Here E is the modulus of elasticity.
If the origin is chosen at the middle of the cylinder, one must have, for a simply supported

shell, the following edge conditions [1]

v w=~=M~=O at~=±l/R, (7)

where I is half the length of the cylindrical shell. These conditions imply, considering the
second and the fourth of equations (6), that ~ = To = M~ = Me = 0 at the supports.
Therefore, from (3) and (5), we have

1'=1'2=0 at~=±IIR. (8)

Hence apart from rigid body displacements which do not affect the stresses, the conditions
in (8) are equivalent to those of (7).

3. SOLUTION

Let us assume that a simply supported circular cylindrical shell is acted upon, along a
generator, by a uniform inward radial line load of intensity p per unit length of the shell.
Choosing the origin at the middle of the shell, and along this line load, one could represent
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the normal pressure p in the form

P p[ 1 ] Pp = --J(O) == - -J(O)+-cosO --cosO,
R R n nR

n;:::: 0;:::: -n, (9)

(10)

where J(O) is the unit impulse function.
The terms in the bracket in the right-hand side of (9) correspond to a self equilibrated

loading which does not cause any total bending of the shell in the plane of the line load.
while the effect ofthe last term is the bending of the shell similar to that ofa beam. Substitut­
ing (9) in (1) we obtain

- cPf . 282f . 2- d
2

[ 1 ] .b
2p

t.t.T + 802 + 21b 8e = 21b Pd02 - J(O) + ~ cos 0 + 21---;- cos O.

The general solution of (10) is sought in the form

GO

f = ljJ(O) + F(~) cos 0+ L <Pm(~) cos mO,
m=O

(11)

(12)

(13)

in which the series on the right-hand side represents the complementary solutions of (10).
ljJ(O) ar:d FW are, respectively, particular integrals of

~~~ + ljJ = 2ib2p[ - J(O)+~ cos oJ

d2 [d2
F . 2 ] V P- --2(1-lb)F = 21-.de de n

In order to find a particular integral of (12), we proceed with the known method of
variation of parameters [8] to get

ljJ(O) = 2ib 2p{-cos 0f [-J(O)+~COsoJ sinOdO+sinOf [-J(O)+~COSoJ COSOdO}.

(14)

Taking now into consideration that ljJ must be an even function of 0, we arrange the const­
ants of integration so that:

f J(O) dO = U(O), f U(O) dO = K(O), (15)

where

U(O) = te(8), K(8) = t8e(0),

e(8) = { ~ for 8 > 0,

for 8 < O.

(16)n ;:::: 0;:::: -no

Using (15), the right-hand side of (14) is evaluated by integration by parts. After a few
simplifications, we find

ljJ(8) = - e(0)b2 pi sin 0 + ib
2

p(cos 8 + 20 sin 8),
2n
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It is seen that t/J is a continuous function of 0, as it should be, in the region prescribed.
Physically t/J is the solution for an infinitely long shell in which the stresses do not depend
on e as the result of the action ofa uniform line load equilibrated by a distributed sinusoidal
load.

A particular integral of(13) is obtained in the usual way, and hence one has

(17)

In order to find the complementary solution of (10), we substitute the general term of
the series <Pmmcos mO into the homogeneous equation (10) to get

d4<pm (2 'b2 2 2)
d2

<pm (4 2)A.. 0
d~4 + I - m de2 + m - m 'Ym = , m = 0,1,2, .... (18)

The solution of (18), considering that <Pm must be an even function of e, is obtained in the
usual way. Therefore we have

<Po = Ao+Cocosh iXo~, ]

<Pt = At +Ct coshiXte, •

<Pm = Am cosh Pme + Cmcosh (Xme,

in which

(Xo = b(1- i),

(Xt = [2(1- ib2)Jt,

(Xm = {t(m2+ y)+1[(m2+ y)2 +(A +b2)2]t}t - i{ -t(m2+ y)+t[(m2+ y)2 + (). + b2)2]t}t,

(19)

m = 2,3,4, ...

Pm = {t(m2 _y)+![(m2_y)2 +(A-b2f]t}t + i{ -t(m2_y)+t[(m2-yf+(..l-b2f]t}t,

y = {t(m2-b4)+1[(m2-b4)2+4m4b4]t}t,

..l = {-t(m2-b4)+![(m2 b4)2+4m4b4]t}t.

In equation (19), Ao, Co, At, C t , Am' and Cm are unknown complex constants to be
determined from the edge conditions at e = ± IIR.

We now substitute (16), (17) and (19) into (11) to obtain

f = - e(O)b2pi sin (J + ib
2

2p
(cos 8 + 2(J sin (J) - 2 ib2POb2)e cos (J

n ~1-1

+Ao+Co cosh (Xo~+(AI +Ct cosh (Xte) cos (J

00

+ L: (Am cosh Pme + Cmcosh iXm~) cos mO,
m=2

n :?: (J :?: -no (20)
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Having determined the complex potential r one could find all the resultant forces and
resultant moments from relations (5), (3) and (4). For the sake of brevity, we shall give only
the expressions for f l and f 2 .

{
i [2 _b2Pi(~2_2)J p

+ -2b2 -AI+(IXI-1)ClcoshIX1~+ IXrn +;+A 1

+ C1cosh IX 1~ - b:pie} cos e+ f {Cmcosh IXm~ + Am cosh fJm~
IXI n m~2

- 2~2 [(IX;' - m2 )Cm cosh IXm~ + (fJ;;' - m2 )Amcosh fJm~]}cos mO,

n ~ O;? -n, (21)

+ 2~2 mt2 [(IX;;' - m2 )Cmcosh IXm~ + (fJ;;' - m2 )Amcosh fJm~] cos mO,

n ~ 0 ~ -no (22)

It remains to evaluate Ao, Co, AI' Cl' Am and Cm from the edge conditions at ~ = ± IIR.
To achieve this, we expand the first two terms of the right-hand sides of (20) and (22) in
Fourier series and apply conditions (8) to get

= Ao+ Co cosh IXo(l/R) + (A 1 + C 1 cosh IX 1(l/R» cos 0

00

+ L [Am cosh fJm(l/R) + Cm cosh IXm(l/R)] cos mO,
m~2

p [PWIR 2 -2) pJ P OC) 1-+ +- cosO+- L --cosmO
2n 2cxIn n nm~2m2-1

(23)



from which one finds
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c = 2ib2p(1+/1;,-m2
)

m n(m2
- I )(rx;, - /1;') cosh rxm(l/R)'

-2ib2p(1 +rx;,-m2
)

Am = n(m2 - I )(rx;, - /1;') cosh /1m(l/R)'
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(25)

(26)

Finally one must ensure the conditions of continuity and symmetry, at fJ = n, for the
stresses and displacements resulting from the particular integral t/J. We denote these
quantities by w*, ~*, 18*, ... , etc. Since t/J is an even function of fJ, the only conditions that
must be satisfied are

(All odd functions such as N:, v*, d;fJ* , ... , etc') = 0I
at fJ = n.

:fJ(All even functions such as w*, ~*, 18*, ... , etc.) = 0

Observing the structure of quantities like N:, . .. , etc., and others such as ~*, ... , etc., it
is seen that the former and the latter are respectively formed from odd and even derivatives
of t/J. Since all odd derivatives of t/J are zero at fJ = n, the conditions (26) are therefore
satisfied. It should be noticed that S* is at most a constant which must be set equal to zero
in order to meet conditions 19~ = M:~ = 0 at fJ = n.

In practical cases, distributed loads are more common than line loads. However the
solution to the problem of a distributed load, being constant along the length of the shell
and varying in the circumferential direction can be found from (20),. since - t!p is the
Green's function for problems of this type. Therefore, for the solution t d of a distributed
load, one has

where p(fJ) is the radially distributed load per unit area of the middle surface, and r is the
dummy variable of integration.
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4. CONVERGENCE

Let us analyze the behavior of Am and Cm and related terms for sufficiently large m.
Squaring am and 13m' given by relations (19), one finds

a~ = m2 +y i(J.+b2
),

{3; = m2
- y+ i(l. b2

),

a:; - m2 + 1 = y+ 1- i(A + b2
),

{3;-m 2 +1 = -y+l+i(J. b2
),

a; - fJ; = 2(y - i/.).

(28)

Furthermore, factoring out m in the expressions for y and A, given by (19), we also obtain

(29)

It is clear from (29) that for large m, y and ;. tend to the following expressions

(30)

in which

k = [!+t<I +4b4 )tJ t = constant,

q = [-!+!(l+4b4 )tJ+ = constant.

Also from relations (28) we find for large m

a;' - m2 + 1 ~ I' - it.,

fJ;,-m 2 + 1 ~ -y+iA,
(3 t)

Substituting relations (31) and the last of (28) into the expressions for Cm and Am' given
by (25), and their products by (a; - m2

) and (fJ; - m2
) one obtains

(32)

It remains to examine the behavior of am and fJm for sufficiently large m. To do this let us
factor out (m2 + y) and (m2

- y) respectively in the expressions for am and fJm, given by (19),



to get
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(33)

~m ={ t(m2+y)+t(m2+Y{1+(~~::rJtr

{ [ (
'+b

2 )2Ji}i-i -t(m2+y)+!(m2+y) 1+ ~2+y ,

Pm ={ t(m2-Y)+!(m2-Y{I+(~~~:rTr

+i {-t(m
2

- y)+t(m2- y{ 1+ (~~~:) 2T}i.
Since, according to expressions (30), y and It behave as m the terms (I,+b2)/(m2 +1') and
(It - b2 )/(m2

- y) tend to zero when m becomes large, and hence one could use the binomial
expansion to get

~m ={t(m2
+y)+!(m

2+Y{l +~(~~::,) 2-M~~::r+ .·.Jf
-i {-t(m2+ y)+!(m2+ Y)[1 +.~( ;.+b

2
)2 _~( ;.+b

2
)4+...J}t

2 m2+y 8 m2+y

.q,... m-l­
2'

(34)

(35)

Substituting the above results into (32) we finally obtain

2b
2
jj (. ql. q/)

Cm ,... n:m2 eml/ll sm 2R -I cos 2R '

2b
2
jj (. ql. ql)

Am ,... - n:m2 eml/R sm 2R + fcos 2R '

2 2 2b
2
jj [ . ql ql.(. ql ql) ]

(~m-m )Cm "" n:meml/R ksm 2R-qcos 2R-f qsm 2R+kcoS 2R '

(32 2 2b
2
jj [ . ql ql.(. ql ql)J

( m - m )Am - n:m eml/R k sm 2R +q COS 2R - f q Sm 2R - k COS 2R .

Therefore it is seen that the series in t converges as fast as (m2 emIIR)-t at ~ = O. The
series involved int t and t 2 , and hence those in ~, To, M~, and M () converge not slower than
(m eml/R)- 1 at the middle of the shell. It is interesting to note that for shells with IIR 2 2 the
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magnitude of the terms in the series decreases rapidly even at the beginning of the series,
as will be seen in the numerical results.

5. AN APPROXIMATE CLOSED FORM SOLUTION FOR COMPARATIVELY
LONG SHELLS

A review of Co, C I' Cm' and Am shows that, for a fixed m, the absolute values of these
quantities decay exponentially as IIR becomes large. On the other hand, Al grows with
(ljR)2 while Ao remains constant. Therefore, for a finite ~ the quantities involving Co'
C I' Cm' and Am tend to zero as IIR becomes infinitely large, and one could write the expres­
sion (20) as

'b
2

- ( 'b
2

-) JT= -c(O)b2PisinO+1
2
:(COsO+20sinO)+Ao+ A1<xt:e cosO,

for IIR ---> CD, ~ = a finite number, n 2 0 2 - n.
(36)

Similar expressions for TI and T2 and the other quantities can also be written. Physically
this means that the edge effect, represented by the terms involving Co, C 1 , Cm' and Am'
decays far away from the edges which, in this case, are located at infinity. For comparatively
long shells the expression (36) can be used as an approximate solution for the region in
which I~I <g 11K since the terms in the series become negligible as compared to those given
by (36). The minimum value of the ratios IIR for which formula (36) could be used as an
approximation is discussed in the conclusion.

6. NUMERICAL RESULTS

In the following, we give numerical results for the cases in which b = 5·5 corresponding
to Rlt = 18,308, v = 0,3, and IIR range from I to 15. The values of!XJ and f3J for J ranging
from zero to five are listed in Table 1. The corresponding values of AJ and CJ for various IIR
are given in Tables 2 through 4. The computed constants AJ and CJ are then inserted into

TABLE 1. VALVES OF ROOTS OF CHARACTERISTIC EQVATIONS FOR h = 5·5

J CI.} Ii}

() 5'5(1- i)
1 5·5916-5·4099i
2 5-8818-5'1595i 0·3328 +0·2920i
3 6·3938 - 4·8156i 0·8468 + 0·6378i
4 7'1079-4-4716i 1·5615 +0·9824i
5 7-9572-4'1859i 2-4111 + 1·2684i

(21) and (22) to obtain, with the use of (3), the dimensionless quantities Tc,lp, Yolp, M~/Rp,
and MolRp at ~ = 0 = O. These are given in Table 5. The longitudinal and circumferential



TABLE 2. VALUES OF CONSTANTS AO/p, CO/p, AJ!p AND CJ!p FOR b = 5'5, v = 0·3 AND VARIOUS f/R

f/R Ao/p CO/p AJ!p Clip

1 - 0·1592 + 9·6289i (0'9219- 0'9178i) x 10- 3 -0'4766 + 0·021Oi (- 0·1612 -0'174i) x 10" 2

2 - 0·1592 + 9·6289i (0'2337-53'16i)X 10- 7 - 0·9535 + 0'0368i (-0.1977-0'8621i)x IO- s

3 - 0·1592 + 9-6289i (-0'1526-0'1546i) x 10- 7 -1'7484+0'063li (-0·2937-0·1499i)X 10- 7

5 - 0·1592 + 9·6289i (-0'2594+0'2537i)X 10- 12 -4,2921 +0'147li (-0'1 338 +0'4386i)X 10- 12

8 - 0·1592 +9·6289i (0,2476 + O'OO44i)X 10- 19 -10'4924+0'352Ii (0'1735-0'1626;) X10- 19

15 - 0·1592 + 9·6289i (0'3231 +0'3454i) x 10- 36 - 36·0884 + 1·1983i (0'1995 - 0'1316i) x 10- 30

TABLE 3. VALUES OF CONSTANTS A2 /p, A3 /p, A4 /p AND As/p FOR b = 5'5, v = 0·3 AND VARIOUS f/R

f/R A2 /p A3 /p A4 /p As/p

I - 0·9007 - 6·2014i -1'026O-1'5430i -0'4420-0'2180i -0'1206-0'0126i
2 - 2·3362 - 5·2986i - 0·8556 - 0·1736i - 0·0860 + 0·0547i (- 0·4224 + 0'9946i) x 10- 2

3 - 3-3772 - 3·3602i - 0·3275 + 0·1626i (-0'489 +21'34i)X 10- 3 (0'739 + 0'627i)X 10- 3

5 - 2-4918 -0'1774i 0·0110+0·0660i (0,876 -0'340i) x 10- 3 (-0'2-0'8i)x lO- s

8 - 0·6075 + 0·6482i 0·0046 - 0'0025i (-0'009 +O'OOli)X 10- 3 (0,4501 + 3390i) x 10- 8

15 0·0830 + 0'0243i (0'3562+1'36OIi) x lO- s (-0'1571 +0'9156i) X10- 10 (- 0·0976 -0'2449;) x 10- IS

TABLE 4. VALUES OF CONSTANTS C2 /p, C3 /p, C4 /p AND CS/p FOR b = 5'5, \' = 0·3 AND VARIOUS f/R

f/R C2 /p C3/p C4 /p CS/p

I (0'4337 -1'6837i) x 10- 3 (-0'2904-0'9164;) x 10- 3 (-0'3078-0'257li)X 10- 3 (-0'1 354-0'03lOi)X 10- 3

2 (-0'3712-0'3122i)x IO- s (-0'1 574+0'0325i)X IO- s (- 0·1443 +0'2949i) x 10- 6 (0'1444 + 0'4646i) X10- 7

3 (-0'1233 +0'0557i) X10- 7 (0'0269 +0'2674i) X10- 8 (0'2626 +0'0572i) + 10- 9 (0'1152 -0'1254i) X10- 10

5 (0'0939+0'0477i)X 10- 12 (0·0796-0·7470i) X10- 14 ( - 0·1737 + 0'0475i) X10- IS (0'0637+0'1989i)X 10- 17

8 (-0'2221-0'0545i) X10- 20 (0'3212+0'1418i)x 10- 22 (-0·8256-0·5426i)X 1O- 2s (0,2807 +0'8512i) X10- 28

15 (-0'0686+0'2945i)x 10- 38 (-0'1172 +0'054Ii) X 10" 41 (-0'2152-0'1085;) x 10- 46 (0'3750-0-4376i) XIO- S2

c:l
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TABLE 5. NON-DIMENSIONAL VALUES OF RESULTANT FORCES AND MOMENTS FOR h = 5'5. I- = 0.., AND

VARIOUS liR

l/R T,!p To/p MdRp M,,!Rp

I - 2·3056 -0·8687 -0·0370 -0-1021
2 - 3-8278 -0·5668 -0-0489 -0'1461
3 -5·1991 ~0-4129 -0·0598 ~0'1837

5 ~6'7006 -0·2306 -0·0745 -0·2366
8 -11·0658 -0-1887 -0-0791 -0-2527

15 - 35·9472 -0-2174 -0,0846 -0'2520

stresses (J~ and (Jo at ~ = () = 0, Z = t/2 are calculated from the following expressions

The results of the calculations are listed in Table 6.

TABLE 6_ NON-DIMENSIONAL VALUES OF LONGITUDINAL AND CIRCUMFERENTIAL STRESSES AT

~ = 0, e = 0, Z = t/2 FOR h = 5,5, .- = 0·3 AND VARIOUS 1/R

I!R (t!p)O', (t!p)O'o

-6,3672 -12·0873
2 -9-1964 -16·6130
3 -11·7647 - 20·5925
5 -14,8891 -26,2174
8 - 19·7509 - 27-9504

15 - 45·2383 -27-9038

(37)

Except for the case l/R = 1, in which six terms in the series are taken, the rest of the
above quantities ate computed by keeping only four terms in the series.

Finally the values of the stresses (J~ and (Jo at ~ = e = 0, Z = t/2, calculated from
relation (36), are given in Table 7 in order that one can compare them with those given in
Table 6, and establish the range of validity of (36). The results given in Tables 6 and 7 are

TABLE 7. NON-DIMENSIONAL VALUES OF LONGITUDINAL AND CIRCUMFERENTIAL STRESSES,

CALCULATED FROM FORMULA (36), AT ~ = 0.0 = O. z = t/2 FOR h = 5'5, \' = 0·3 AND VARIOUS

f/R

I!R (t!p)O', (t!p)O'o

-8,2930 -26-4841
2 - 8-7888 -26-5025
3 - 9-6152 - 26-5331
5 -12,2595 - 26·6309
8 -18-7051 - 26·8694

15 -45-3137 - 27-8541
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plotted in Fig. 1. It is seen that the relative errors made by employing the expressions (36)
are 5% and 0·2% respectively for IIR = 8 and IIR = 15.

44

40

36

32

28

b'"
+l1Q.

I 24

16

12

8

FIG. I. Dimensionless longitudinal and circumferential stresses YS. IIR. The dash lines represent the
stresses calculated from formula (36).

7. DISCUSSION

The minimum value of the ratios IIR for which formula (36) could be used as an approxi­
mate solution depends somewhat on the accuracy desired. For most engineering problems,
in which 5% error is allowed, one could use the expression (36) for ljR ~ 8. Obviously,
for better accuracy, one has to take a higher limit for IIR. When IIR < 8 we must take a
few terms in the series. Again the number of these terms depends on the accuracy needed.
For example, the above numerical results show that for IIR = 5 the absolute values of
successive A/s decrease at an average rate of about 1/70 for the first four terms in the
series. Therefore for engineering problems one could achieve the desired accuracy by
keeping the first two terms in the series, when IIR = 5.

Although the exact theoretical line loading of a cylindrical shell cannot be achieved
in practice, one could find cases in which the load is distributed along a very narrow strip.
As an example, consider a plate with a constant distributed load on the top, supported by
several hollowed simply supported cylinders. On the other hand cylindrical shells, carrying
a distributed load which is constant along the length of the shell, are of common occurrence
in engineering. Among these one could mention simply supported horizontal tanks, filled
completely or partially with fluid, horizontal pipes carrying fluid, and horizontal rotating
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cylindrical containers used in the chemical industry. Problems arising in these cases can be
solved with the aid of (27).
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A6cTpaKT-McnoJIb3yeTcH KOMnJIeKcHoe ,lJ,H$cPepeHUHaJI.bHoe ypaBHeHHe lUfJIHH,lJ,PH'lecKOit 060JIO'lKH,

nOJIy':leHHoe HOB01KHJIOBbIM [I], ,lJ,JI.Il onpe)),eJIeHHH HanpH)KeHHOrO COCTQgHUg, CB06o,lJ,HO onepToH, 3aMK­

HyTOit, UHJIHH,npH'IecKoH 060JIO'IKH, no,naep)KeHHOA ,nOACTBHIO paBHoMepHoA, BHyTpeHHeA pa,l),HarrbHoit

JIHHeAHOH Hapry3Ke B,nOJlI. o6pa3YIO~eA. 3a,lJ,a'la onpe,nemleTcR B 3aMKHyToM BH,l),e '1aCTHOro HHTHrparra

,lJ,HcPcPepeHuHarrbHoro ypaBHeHH.Il, KOTOpbIA BbinOJIHgeT KpaesbIe yCJIOBHH C nOMO~blO ,lJ,OnOJIHHTeJlbHbIX

peweHHA, B cPopMe O,lJ,HHapHblx PH,llOB $YPbe. 3TH paAbI CXO,D;UCII O'l.eHB 6h1CTpO B paAOHax cepeAHHbI

060JIO'lKH. ,1l,JI.Il cpaBHHTeJIhHO ,IlJIHHHbiX 060JIO'leK BbIBO.ll:HTCJl npH6JIH:lKCHHble Bblpa)[(eHHe B 3aMKHyToM

BIf,D;e,,IlJIS: paAOHa O'IeHb y,narreHHoro OT KpaeB. ,llaeTcH MaTeMaUI'IecK3H nonbITU CXO)l,HMOCTH PJl.ll:OB If

npe.n.cTaBJUIIOTC" 'H:lCJIeHHbIe pe3yJl.bT3TbI ,D;JIJI HeKOTopbIX OTHollleHHit ,ll.JlHHbI K pa,n,HyCy.


